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ABSTRACT. Shrinkage effects on short-term behavior of reinforced concrete elements are often neglected both 
in design code provisions and in numerical simulations. However, it is known that their influence on 
serviceability performance can be significant, especially in case of lightly-reinforced beams. As a matter of fact, 
the restraint provided by the reinforcement on concrete determines a reduction of the cracking load of the 
structural element, as well as an increase of its deflection. This paper deals with the modeling of early-age 
shrinkage effects in the field of smeared crack approaches. To this aim, an existing non-linear constitutive 
relation for cracked reinforced concrete elements is extended herein to include early-age concrete shrinkage. 
Careful verifications of the model are carried out by comparing numerical results with significant experimental 
data reported in technical literature, providing a good agreement both in terms of global and local behavior. 
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INTRODUCTION 
 
n the design of reinforced concrete (RC) members, creep and shrinkage effects are usually taken into account for the 
evaluation of long-term deflections and pre-stress losses. It is indeed well known that these phenomena have a 
significant influence on the behavior of RC elements under sustained loads, by increasing their deformations and 
crack width over time. On the contrary, their effects on short-term response are often disregarded [1, 2]. Several 
theoretical and experimental works (among others, e.g. [3, 4]) have however pointed out that the restraining of concrete 
shrinkage (usually due to the presence of embedded reinforcement) significantly affects the cracking resistance of 
structural elements, as well as their deformations even under short-term loading. As a consequence, a proper numerical 
modelling should consider this effect, so as to avoid inaccurate predictions of structural performances at serviceability 
conditions. To this aim, concrete shrinkage can be explicitly considered by treating it as a prescribed deformation or as a 
fictitious force in the analyses [5-9].  
In this work, an existing smeared-crack model for RC elements subjected to in-plane stresses, named 2D-PARC [10-12], is 
extended so as to correctly take into account early-age shrinkage effects. In more detail, concrete shrinkage is rigorously 
modelled by inserting it explicitly into 2D-PARC general algorithm as a prescribed deformation. The effectiveness of the 
proposed procedure is verified herein through the modelling of two experimental programs [13, 14] on RC shrunk beams 
with low reinforcement ratio tested to short-term bending. These elements are highly sensitive to shrinkage effects, 
especially in presence of a non-symmetric arrangement of steel reinforcement in the element cross-section. The restraint 
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provided by embedded bars produces indeed a not uniform distribution of induced tensile stresses in concrete, with a 
consequent initial warping of the member. Comparisons between numerical and experimental results prove that the 
proposed approach is able to correctly catch the effects of concrete shrinkage strains on member deflection, as well as on 
cracking strength and development. 
 
 
NUMERICAL MODEL 
 
n this work, the original formulation of 2D-PARC constitutive relation is properly revised so as to include concrete 
shrinkage effects in short-term analyses. As already mentioned, this model, which is based on a smeared-fixed crack 
approach, was developed for a concrete membrane element containing n reinforcing layers with different 
orientations, subjected to plane stress conditions. The main features of 2D-PARC, as well as its governing equations can 
be found in [10-12], to which reference is made. In the following Sections the attention will be only focused on the main 
changes made to the original structure of the model in order to include concrete shrinkage. 
 
Uncracked stage 
In the uncracked stage, perfect bond is assumed between steel bars and the surrounding concrete, so the total strain 
vector {ε} is coincident with the strain in concrete {εc} and steel {εs}:  
      sc   ,          (1) 
 
The total stress vector {σ} can be then simply evaluated as the sum of the stresses acting in concrete, {σc}, and in steel 
reinforcement, {σs}. To take into account shrinkage effects, concrete stresses {σc} are here computed as a function of 
concrete net strains ({εc} - {εsh}), being {εsh} the free shrinkage strain vector. According to 2D-PARC conventions, free 
shrinkage strains are assumed as negative, since they cause concrete shortening. The terms of vector {εsh} can be either set 
equal to the shrinkage strain values measured during experimental tests, if available, or properly calculated according to 
classical formulations obtained from technical literature (e.g. [15-17]). In any case, the component of {εsh} associated to 
shear strains is usually assumed equal to zero. The equilibrium equation for the uncracked RC element can be then written 
as: 
 
                ssshccsc DD   ,      (2) 
 
where [Dc] and [Ds] respectively represent concrete and steel stiffness matrix, whose construction has been discussed 
elsewhere ([10] and [12], in a more recently revised form). 
 
Cracked stage 
Crack formation takes place when the current state of stress violates the concrete failure envelope in the cracking region 
(see [12]). In presence of shrinkage, the transition from uncracked to cracked stage occurs in correspondence of a lower 
load level, since the restraint provided by the embedded reinforcement causes the appearance of tensile stresses in 
concrete even before the application of any external load. Crack pattern is hypothesized to develop with a constant 
spacing am1 and a strain decomposition procedure is adopted, so leading to the following compatibility condition: 
      1crc   ,          (3) 
 
where the total strain vector {ε} is obtained as the sum of the strains {εc} in RC between two adjacent cracks (still intact, 
even if damaged), and those in the fracture zone, {εcr1}, related to all the kinematics that develop after crack formation. As 
known, crack opening and sliding activate indeed several resistant mechanisms, such as aggregate bridging and interlock, 
tension stiffening and dowel action, which provide strength and stiffness. According to the procedure described in [10], 
the two strain vectors, {εc} and {εcr1}, are obtained by inverting the equilibrium conditions in the uncracked RC between 
cracks and at crack location, respectively. Moreover, the stresses in RC between adjacent cracks, {σc}, and those in the 
crack, {σcr1}, are assumed to be coincident with each other and consequently to the total stress vector {σ}. 
In more detail, the equilibrium condition in RC between cracks is formally identical to Eq. 2, even if concrete and steel 
stiffness matrices, [Dc] and [Ds], are slightly modified with respect to the uncracked stage, so as to consider the degradation 
I 
                                                                   P. Bernardi et alii, Frattura ed Integrità Strutturale, 37 (2016) 15-21; DOI: 10.3221/IGF-ESIS.37.03 
 
17 
 
that occurs after cracking, as explained in [10, 12]. Moreover, since in the cracked stage the hypothesis of perfect bond is 
no longer valid (and consequently the two strain vectors {εc} and {εs} cannot be set equal to each other), the steel strain 
{εs} is assumed coincident with the total average strain {ε}, with a negligible approximation in excess. By inverting the 
equilibrium condition in RC between cracks, concrete strains {εc} can be then expressed as: 
 
            shs1cc DD    .        (4) 
 
The strain vector { εcr1} can be in turn determined by inverting the equilibrium equation at crack location: 
 
      11cr1cr D   ,          (5) 
 
being [Dcr1] the crack stiffness matrix, whose expression – which is not modified in presence of shrinkage – can be still 
found in [10]. 
By substituting Eqs 4 and 5 into the compatibility Eq. 3, the total stress {σ} vector in case of shrinkage can be then 
expressed as follows: 
 
                  shs1c111cr1c DDIDD     ,     (6) 
 
being [I] the identity matrix. 
 
 
MODEL VALIDATION 
 
he effectiveness of the above described procedure, as well as of its correct implementation into a commercial 
finite element (FE) code (ABAQUS), are verified herein through comparisons with detailed test data on shrunk 
RC beams subjected to short-term bending. The first considered experimental program (carried out by Gribniak, 
[13]) mainly focuses on the effects of concrete shrinkage on beam deflection and first cracking moment in case of 
different amounts of top reinforcement, while the second one (by Sato et al. [14]) compares the flexural behavior of RC 
beams subjected or not to shrinkage prior to loading. 
 
Numerical vs. experimental results for RC beams with different amounts of top reinforcement [13] 
Four RC beams tested by Gribniak [13] – respectively named S1, S1R, S2, S2R – and subjected to four-point bending are 
first analyzed. The considered specimens were characterized by the same geometry, with a rectangular cross-section 
(300 mm deep and 280 mm wide) and a total length equal to 3280 mm, with a net span of 3000 mm. Series 1 and 2 were 
obtained from different concrete batches, showing slightly different compressive strengths fc, as reported in Tab. 1.  
 
Sample Steel Concrete 
 As,bottom [mm2] 
As,top 
[mm2] 
Es 
[GPa] 
fsy 
[MPa] 
fc 
[MPa] 
εsh 
(10-6) φc 
S1 309.0 56.6 212 566 47.3 -194.6 1.6 
S1R 309.0 749 212 566 47.3 -188.2 1.6 
S2 309.0 56.6 212 566 48.7 -152.6 1.4 
S2R 309.0 749 212 566 48.2 -155.7 1.4 
 
Table 1: Material properties of RC beams tested by Gribniak [13]. 
 
All the specimens contained the same amount of lower tensile reinforcement (denoted as As,bottom in Tab. 1, corresponding 
to 4ϕ10 mm bars), as well as of transverse reinforcement (ϕ6 mm / 100 mm spaced). The two specimens with designation 
“R” had an higher amount of top reinforcement (As,top, Tab. 1), constituted by 3ϕ18 mm bars, instead of 2ϕ6 mm bars. 
The main mechanical properties of steel reinforcement are summarized in Tab. 1 for reading convenience, together with 
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concrete compressive strength fc, shrinkage strains εsh and creep coefficient φc measured at the test date (see [13] for 
details). The experimental value of εsh is used herein to compose the shrinkage strain vector that must be defined in the 
numerical model, as described in the previous Section. Since shrinkage-induced stresses develop gradually with time, the 
relief caused by creep should be included in numerical simulations, as suggested by many Authors in the literature (e.g., [1, 
8]). The creep coefficient φc reported in Tab. 1 is therefore adopted in the initial step of the analyses to correct the stresses 
in concrete, by applying the effective modulus method [1].  
All tests were carried out under loading control. On the contrary, numerical analyses are performed under displacement 
control, in order to achieve a better numerical convergence. Taking advantage of the symmetry of the problem, only one 
half of each beam is simulated, by adopting a FE mesh constituted by quadratic, isoparametric 8-node membrane 
elements with reduced integration (4 Gauss integration points).  
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Figure 1: Comparison between numerical and experimental [13] results in terms of total applied load P vs. midspan deflection δ for 
beams: (a) S1; (b) S1R; (c) S2; (d) S2R. 
 
A first comparison between numerical and experimental results is provided in Fig. 1, in terms of total applied load P vs. 
midspan deflection δ. Since the initial deflection due to shrinkage was not experimentally measured, numerical analyses are 
shifted to the origin along the horizontal axis, so as to match experimental results. The values of initial shrinkage 
deflection δi, as obtained from numerical analyses before the application of external loading, is however reported in each 
graph of Fig. 1.  
A good agreement is found for all the considered specimens. Beams with a larger amount of top reinforcement 
(designation “R”, Fig. 1b,d) are characterized by an initial negative deflection δi due to shrinkage. Moreover, they show an 
higher cracking resistance with respect to their twin specimens (Fig. 1a,c). This can be attributable to the increment of 
moment of inertia due to the presence of a heavier top reinforcement, but mainly to the difference of tensile stresses 
caused by shrinkage in the extreme bottom fiber of the cross-section. To better clarify this last aspect, the numerical 
variation within the depth of the section of the total strain ε, as well as of the stresses in concrete σc and in steel σs just 
before loading are reported in Fig. 2 for the twin beams S1 and S1R. The presence of a not symmetric reinforcement in 
the beam cross-section determines a not uniform restraint to free shrinkage, which in turn causes the element curvature 
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and the appearance of a stress gradient. Heavy compressive reinforcement (S1R specimen) provides a larger restraint to the top 
of the beam, so leading to a reversed curvature and to a great reduction of tensile shrinkage stresses in the extreme bottom fiber. For 
this reason, a greater applied moment is required to crack the member.  
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Figure 2: Numerical values of total strains ε, concrete σc and steel σs stresses within the depth of the section at midspan just before 
loading for beams S1 and S1R. 
 
Numerical vs. experimental results on RC beams subjected or not to shrinkage before loading [14] 
Two RC beams tested by Sato et al. [14] – named V-01-13WB and V-01-13DB – and subjected to four-point bending are 
selected for further comparisons. The considered specimens were characterized by the same geometry, with a rectangular 
cross-section (200 mm deep and 150 mm wide) and a total length equal to 2800 mm, with a net span of 2200 mm. The 
two beams were also characterized by the same amount of tensile reinforcement, consisting of two D13 bars. The 
specimens belonged to the same concrete batch, but were subjected to different curing conditions. After demolding, beam 
V-01-13WB was indeed sealed at room temperature with saturated paper (“Wet curing”) until the time of testing, whereas 
beam V-01-13DB was first subjected to wet curing for one week and subsequently exposed to room atmosphere for 114 
days (“Drying condition”).  
 
Sample Steel Concrete 
 As,bottom [mm2] 
Es 
[GPa] 
fsy 
[MPa] 
fc 
[MPa] 
fct,sp* 
[MPa] 
Ec 
[GPa] 
εsh 
(10-6) φc 
V-01-13WB 253.4 193.2 353 30.6 2.9 27.5 - - 
V-01-13DB 253.4 193.2 353 32.5 3.0 28.5 425 3.3 
       * : fct adopted in the analyses is calculated from fct,sp according to UNI EN 1992-1-1 [16] 
 
Table 2: Material properties of RC beams tested by Sato et al. [14] 
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Figure 3: Comparison between numerical and experimental [14] results (a) in terms of bending moment M vs. midspan deflection δ; 
(b) under serviceability conditions, for beams V-01-13WB and V-01-13DB. 
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The main mechanical properties of steel and concrete, together with the average free shrinkage strain εsh and the creep 
coefficient φc at the date of testing, are summarized in Tab. 2.  
Numerical analyses are performed by following the same modeling choices already described in the previous Section. Fig. 
3a shows a comparison between numerical and experimental [14] results in terms of bending moment M vs. midspan 
deflection δ; for both the considered beams. Since initial deflection due to shrinkage was not experimentally measured, 
also in this case numerical curves are shifted to the origin. 
   
  
  w [mm]   
 
 
Figure 4: Numerical and experimental [14] crack pattern at failure for specimen V-01-13DB. 
 
As can be seen from Fig. 3a, the shrunk specimen V-01-13DB is characterized by a reduced cracking load and a larger 
deflection with respect to sample V-01-13WB. Additional comparisons are provided in Fig. 3b, where numerical and 
experimental values of cracking moment Mcr, deflection δ, average and maximum crack width (wav and wmax) under 
serviceability conditions are listed. Finally, a good agreement is also found in terms of crack pattern at failure, as proved 
by Fig. 4, which reports numerical and experimental results for the shrunk specimen V-01-13DB. 
 
 
CONCLUSIONS 
 
n this paper, a non-linear constitutive model for the analysis of RC structures, named 2D-PARC, is modified so as to 
include early-age shrinkage effects. The procedure is verified through comparisons with experimental data on RC 
beams subjected to short-term loadings available in the literature. Satisfactory results are obtained in terms of both 
global behavior and local member response (i.e. stresses in concrete/steel, crack distribution and width), thus making the 
model a useful tool both in engineering and research practice.  
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